Abstract. We establish strong, new connections between convex sets and geometric measure theory. We use geometric measure theory to improve several standard theorems from the theory of convex sets, which have found wide application in fields such as functional analysis, economics, optimization, and control theory. For example, we prove that a closed subset K of R n with nonempty interior is convex if and only if it has locally finite perimeter in R n and has a supporting hyperplane through each point of its reduced boundary. This refines the standard result that such a set K is convex if and only if it has a supporting hyperplane through each point of its topological boundary, which may be much larger than the reduced boundary. Thus, the reduced boundary from geometric measure theory contains all the convexity information for such a set K. We similarly refine a standard separation theorem, as well as a representation theorem for convex sets. We then extend all of our results to other notions of boundary from the literature and deduce the corresponding classical results from convex analysis as special cases.
Introduction
A closed subset K of R n with non-empty interior is convex if and only if it has a supporting hyperplane at each point of its topological boundary ∂K (see, for example, [12] Theorem 5.4, [14] Theorem 1.3.3 and Corollary 1.3.5, [15] Theorem 2.4.12). R. Webster ([15] , p. 71) calls this result "arguably the single most important property of convex sets."
The result is surprising since it shows that the topological boundary, which seems to have little to do with whether line segments bounded by points in K must entirely be in K, essentially contains all the information about the convexity of a closed set with non-empty interior.
This extremely important theorem is intimately connected to fundamental theorems concerning, for instance, separation, representation, and nearest point projection, with important applications in fields such as functional analysis, economics, optimization, and control theory (see, for example, [14] , [16] ).
In this paper, we improve this result by showing that it is not the topological boundary, but rather the reduced boundary from geometric measure theory, that contains all the convexity information about a closed set with non-empty interior. Specifically, we have the following (also, see Theorem 4): In this way, we also significantly extend the main results from the paper [3] . It is surprising that we can deduce the convexity of K without even considering supporting hyperplanes through points in the potentially very large set ∂K \ ∂ red K. [10] 1.10). We use reduced boundaries to similarly refine other standard results from convex analysis concerning separation and representation (see Theorems 2, 3, and 4).
Finally, in Section 4 we strengthen our results by considering more general notions of boundary. We show quite generally that each of our previous theorems holds with ∂ red K replaced by any set A ⊂ R n satisfying
(see Theorems 6 and 8) . This includes, as special cases, most commonly used notions of boundary from the literature, such as the measure-theoretic boundary ∂ M K, the boundary ∂ F K in the sense of Federer ([9] 4.5.6), and the set K 1/2 of points where K has n-dimensional density equal to 1/2. Of course, A = ∂K itself satisfies (1), so that we immediately recover, as corollaries to our theorems, major results from the convex analysis literature concerning separation and representation (see Corollaries 7 and 9) .
These new connections between convex sets and geometric measure theory are quite useful. Recently, we have made use of these connections to establish new local criteria for convexity (see [4] ).
Notation and reduced boundaries
Throughout this paper, we work in R n with n ≥ 2. If A ⊂ R n , A and A
• denote the topological closure and topological interior of A in R n . The interior of A relative to the smallest affine subspace, or flat, containing A is denoted relint A. When A ⊂ R n , we let ∂A = A ∩ R n \ A denote the topological boundary of A. We note that x ∈ ∂A if and only if for each r > 0 we have
We will measure volume and surface area in R n with n-dimensional Lebesgue measure L n and (n − 1)-dimensional Hausdorff measure H n−1 , respectively. We let U (p, r) and B(p, r) = U (p, r) denote, respectively, the open and closed balls in R n with center p and radius r ∈ (0, ∞) , and we set α(n) = L n (B(0, 1)) , where 0 = (0, 0, . . . , 0) is the origin in R n . Given a point p ∈ R n and a unit vector u ∈ R n , we define the hyperplane
is a supporting hyperplane for the set X ⊂ R n at the point p ∈ R n provided p ∈ X, p ∈ H, and either
n is called a supporting half-space for a set X ⊂ R n if X ⊂ F and if F is bounded by a supporting hyperplane for X.
and we set Θ n (X, p) = lim R→0 + Θ n (X, p, R) , provided the limit exists.
loc (Ω) and U ⊂ Ω is open, we define the total variation of u in U as follows:
We can extend T V (u, ·) to be a Borel measure on Ω by setting
Suppose A is an L n measurable subset of R n having locally finite perimeter in R n . The structure theorem for BV loc functions (see, for example, [7] 5.1) ensures that there exists a Radon measure μ (which we'll denote μ = Dχ A ) on R n and a μ-measurable function σ : R n → R n such that |σ (x)| = 1 for μ almost every x, and
For such a set A, the reduced boundary of A in the sense of De Giorgi (see [5] , [6] , [7] 5.7.1, [1] Definition 3.54), which we will denote ∂ red A, consists of all points x ∈ R n for which (1) Dχ A (U (x, r)) > 0 for each r > 0, (2) the limit
exists, and
n and p ∈ R n , the vector u ∈ R n is called a measure-theoretic exterior unit normal to X at p in the sense of Federer (cf. [8] , [9] 4.5.5) provided |u| = 1,
If no such u exists, we define n X (p) = 0; while if such a u exists, it is necessarily unique ([8] Theorem 3.4), and we define n X (p) = u. Whenever X is L n measurable and p ∈ ∂ red X, n X (p) is a unit vector.
Throughout this paper, we work with closed subsets K of R n having non-empty interior K
• . If such a set does not have locally finite perimeter in R n , then it is necessarily non-convex, and all properties which imply convexity fail to hold (see Theorem 4) . Therefore, we will restrict attention to the interesting case where K has locally finite perimeter in R n . Some excellent references for reduced boundaries include [1] , [7] , [10] , [11] , and [13] . Also, see [2] .
Separation, convexity, and reduced boundaries
We begin by establishing a key separation result, a refinement of a well-known result about convex sets (see, for example, [14] 
n \ K can be separated from K by a supporting hyperplane of K through a point of the topological boundary.
We assume less, supposing only that K has supporting hyperplanes at each reduced boundary point, and our conclusion is stronger: if x ∈ R n \K we are able to separate x from K using a hyperplane that passes through the reduced boundary. Our proof makes use of a new cone construction and the relative isoperimetric inequality.
Theorem 2 (Separation theorem for reduced boundaries). Suppose that K ⊂ R n is closed, with non-empty interior K
• , and that K has locally finite perimeter in R n . Suppose K has a supporting hyperplane at each point p of its reduced boundary
, and in particular dist (x, K) > 0. Similarly, there exist y ∈ R n and R > 0 such that U (y, R) ⊂ K
• . For any p ∈ R n with p = x we let − → xp = {(1 − λ) x + λp : λ ≥ 0} denote the ray through p with initial point x, and we let
denote the cone with vertex x through the ball U (y, R) . Let
X is a bounded, convex portion of a cone, and X \ {x} is open. Therefore, there exists a finite collection of open balls Let H (p, u) be a supporting hyperplane to K at p such that
If K ⊂ R n is closed and has non-empty interior, and if K has a supporting hyperplane at each point p of its topological boundary ∂K, then K is convex, and in fact it equals the intersection of all its supporting half-spaces H − (p, u) where p ∈ ∂K (cf. [12] Theorem 5.3, [14] Theorem 1.3.3 and Corollary 1.3.5). Theorem 2 will allow us to relax the hypotheses and at the same time strengthen the conclusion of this result. As before, we restrict our attention to the case of sets K having locally finite perimeter, since otherwise K is necessarily non-convex.
Theorem 3 (Representation theorem). Suppose that K ⊂ R n is closed, with nonempty interior K
), where the intersection is taken over all supporting half-spaces H
Proof. If K = R n , then the theorem holds trivially, so suppose K = R n and let
, where the intersection is taken over all supporting half-spaces H − (p, u) where p ∈ ∂ red K. By Theorem 2, K has a supporting hyperplane H = H (p, u) , with p ∈ ∂ red K, such that K ⊂ H − (p, u) and
Thus, K = ∩H − (p, u), since x was arbitrary. Since K is the intersection of closed half-spaces, it must be convex.
We now state our main theorem concerning convexity and reduced boundaries. Proof. By Theorem 3, c) ⇒ b) ⇒ a). Now suppose K is convex. We wish to show that K has locally finite perimeter in R n . Suppose Ω is any open ball in R n . Without loss of generality, suppose K ∩ Ω has non-empty interior (or else P (K, Ω) = 0). It follows that the topological boundary of the compact, convex set K ∩ Ω has finite area measure, since the surface area functional is continuous on the family of compact, convex subsets of R n having non-empty interior ( [12] 22.6), and so in fact the surface area of the topological boundary of K ∩ Ω is bounded above in terms of a function of the diameter of the set K ∩ Ω. It then follows that 
Theorem 4 (Convexity and reduced boundaries
Remark 5 (Nearest point projection). Theorem 4 relates the reduced boundary of K to other properties of K as well, since several conditions are equivalent to the convexity of a closed subset of R n with non-empty interior. For instance, a), b), and c) are all equivalent to K having a nearest point projection function π K : R n → K with Lip π K = 1 such that, corresponding to each x ∈ R n , π K (x) is the unique point y in K for which dist (x, K) = |x − y| .
Other notions of boundary
If X ⊂ R n is L n measurable, we define the measure-theoretic interior, measuretheoretic exterior, and measure-theoretic boundary of X as follows:
We define X 1/2 = {x ∈ R n : Θ n (X, x) = 1/2} . Also, ∂ F X is the set of all points p ∈ R n at which X has a measure-theoretic exterior unit normal u = n X (p) in the sense of Federer (see [9] 4.5.5 and 4.5.6).
We can now extend the main results from the previous section to different types of boundaries, such as ∂ M K, K 1/2 , and ∂ F K, each of which is widely used in geometric measure theory.
Theorem 6 (General separation theorem). Suppose that K ⊂ R
n is closed, with non-empty interior K
• , and that K has locally finite perimeter in R n . Suppose A is any subset of R n for which ∂ red K ⊂ n−1 A ⊂ ∂K. Suppose K has a supporting hyperplane at each point p ∈ A. If x ∈ R n \ K, then K has a supporting hyperplane H = H (p, u) , with p ∈ A, such that K ⊂ H − (p, u) and x ∈ H + (p, u) . Remark 10. The comments in Remark 5 apply to Theorem 8 as well.
